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Abstract 
We determine the maximum number of oriented 4-cycles possible in triangle-free oriented 
graphs and we characterize the extremal graphs. 
1. Introduction 
Many researchers have considered problems involving enumerating cycles in 
graphs. In particular, Bollobis et al. [2] found the maximum number of 4-cycles 
contained as induced cycles in ordinary graphs; and Bollobk et al. [ 11 determined the 
mean and variance of the number of 4-cycles in a random bipartite tournament. Our 
main object here is to determine the maximum number of 4-cycles in a triangle-free 
oriented graph. 
We let d-(u) and d+(o) denote the in-degree and the out-degree of any vertex v in an 
oriented graph D. If there is an arc xy oriented from vertex x to vertex y in D, we say 
that x beats y and that y loses to x. The underlying graph of an oriented graph D is the 
ordinary graph obtained by disregarding the orientations of all arcs of D. An oriented 
graph D is triangle-free if its underlying graph has no 3-cycles. In what follows, T,, will 
always denote an m by n bipartite tournament with partite sets V1 = {x,, . . . , x,} and 
v, = {Yl, . . . . y,>. The particular bipartite tournament T,, in which xi beats Yj if and 
only if i < [m/2] andj < [n/2] or i > [m/2] andj > [n/2] will be denoted by R,,; the 
dual tournament obtained by reversing the orientation of all arcs of R,, will be 
denoted by R$,. Finally, we write D N H if the graphs D and H are isomorphic. 
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2. 4-cycles in bipartite tournaments 
Letf(D) denote the number of 4-cycles in the oriented graph D. Moon and Moser 
[3] proved the following result. 
Theorem 1. If T,, is any m by n bipartite tournament, then 
(2.1) 
They observed that the bound is sharp in that there exist tournaments T,, for which 
equality holds - R,, and R$,, for example. We now show that (up to isomorphism) 
these are the only such tournaments when m, n 2 2. 
Theorem 2. Zf m, n 2 2 and T,,, is a bipartite tournament such that 
f(Tm,,) = ; . ; , [ I[1 
then 
(2.2) 
T,, N R,, or R&, (2.3) 
Proof. If u and v are distinct vertices of T,,, let f(T,.: u, u) denote the number of 
4-cycles of T,, containing both u and u. It follows from the argument used in [3] to 
prove Theorem 1 that if equality (2.2) holds and m, n 3 2, then 
.f(Tmn: 
n2 
x,x’) = 4 [I or 0 (2.4) 
and 
f(L: Y,Y') = T [ 1 or 0 (2.5) 
for any pair of distinct vertices x and x’ or y and y’ from the partite sets V, or V2, 
respectively. 
If x denotes any vertex in V1 that belongs to a 4-cycle, let V,, and Vz2 denote the 
subsets of vertices y, and y, in V2 that lose to x and that beat x, respectively. Let 
V,, denote the subset of vertices x2 in V1 such thatf(T,, : x,x2) = [n2/4] and, finally, 
let VI1 denote the subset consisting of x and vertices x1 in V1 such that 
f(Tmn: x,x1) = 0. Since m, n 2 2 it follows that such a vertex x exists and that the 
subsets Vzl, V22, VI2 and VI1 are non-empty. 
It is not difficult to see that if x2 is any vertex from V12, then 
(2.6) 
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with equality holding throughout if and only if 
x2 loses to every vertex in V2i and beats every vertex in Vz2, and (2.7) 
lV2ll=[i] or p+]. (2.8) 
But equality does hold throughout in (2.6) in view of our definitions and property (2.4) 
so (2.7) and (2.8) hold and, consequently, 
every vertex in VI2 loses to every vertex in Vzl and 
beats every vertex in Vz2. (2.9) 
Now let y1 and y, denote any vertices in V2i and Vz2, respectively, and let x1 denote 
any vertex in VI, other than x, assuming such a vertex x1 exists. Then yl and 
y, belong to a common 4-cycle (through x and any vertex x2 from V12) and it follows 
from the type of argument that led to (2.9) that either 
x1 loses to y, and beats y2 (2.10) 
or 
x1 beats y, and loses to y,. (2.11) 
If (2.10) held then x and xi would belong to the 4-cycle {x, y,, xi, y2, x>, contrary to 
the definition of x1 and V,,. Thus (2.11) holds and, more generally, 
every vertex in Vl 1 beats every vertex in V2 1 and loses to every vertex 
in V22. (2.12) 
Note that (2.12) is true by definition when x is the only vertex in Vl 1 and the vertex 
x1 does not exist (this can happen only when m = 2 or 3). Furthermore, the same type 
of argument that led to (2.8) implies that 
jVIl/=[:] or [+I. (2.13) 
Conclusion (2.3) now follows from (2.Q (2.9), (2.12) and (2.13). 
3. 4-cycles in triangle-free oriented graphs 
We now prove the following result about the class of triangle-free oriented graphs 
which includes the class of bipartite tournaments. 
Theorem 3. Let D, be a triangle-free oriented graph with p 2 4 vertices. Then 
f(Dp) < Ca2’432 
for p=2a, 
[(a + 1)2/4] [a’/41 for p = 2a + 1, (3.1) 
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with equality holding if and only if 
D, N R,,,,_, when p f2(mod4) where m = [p/2] 
or 
D, = %2,P/2 or D, = &-2~12.(~+2)12 when p E 2 (mod 4). 
(3.2) 
Proof. We first suppose that D, is a bipartite tournament T,, where m + n = p and 
m d n. Then it follows from Theorem 1 that f(D,) < [m2/4] *[(p - m)2/4]. It is 
a straightforward exercise to verify that this bound is less than or equal to the bound in 
(3.1) and that the two bounds are equal if and only if m = [p/2] when p f2(mod 4) or 
m = p/2 or (p - 2)/2 when p E 2 (mod 4); conclusion (3.2) then follows from Theorem 2. 
We now suppose that D, is not a bipartite tournament. It is not difficult to see that 
there are at most d- (u)d+(u) 4-cycles containing any given arc uu of D,. Hence, 
fW G $d-W+(u) 
U” 
d ;I W(u))2 + (d+(u))2) 
“” 
= ;Cd-(u)d+(u)*{d-(u) + d+(u)} 
” 
*d(u) =:$g(D,), (3.3) 
where the first two sums are over all arcs uu of D,, the remaining sums are over all 
vertices u of D,, and d(u) = d-(u) + d+(u) denotes the degree of vertex u in the 
underlying graph of D,. In the following lemma we give upper bounds for g(D,) for 
any triangle-free oriented graph D,; when we combine (3.3) and the bound for g(D,) 
when D,is not a bipartite tournament, we find thatf(Dp) is strictly less than the upper 
bound in (3.1). 
Lemma 4. Let D, be a triangle-free oriented graph with p > 4 vertices. If D, is 
a bipartite tournament, then 
g(D,) G 
ia4 for p=2a, 
+(a’ + a)’ for p = 2a + 1, 
and if D, is not a bipartite tournament, then 
g(D,) G 
+a4-3a2+ia for p=2a, 
ia4 + a3 - +a’ for p = 2a + 1. 
(3.4) 
(3.5) 
Proof. Let x be a vertex with minimum degree d(x) and put y = d(x). Let 
N(x) = {u E V(D,) I ux or xu is an arc of Dp}. Since D, is triangle-free, it follows from 
Turan’s theorem [4] that y < [p/2]. 
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Case 1: D, is a bipartite tournament. In this case, d(u) = p - y if u is in N(x), and 
d(u) = y otherwise. Therefore, 
(3.6) 
Since y < [p/2], it can be shown easily that inequality (3.4) holds. 
Case 2: D, is not a bipartite tournament. We apply induction on p. The result is 
true for p = 4,5, so suppose that p > 5. Since D, is a triangle-free oriented graph, so is 
D, - x. If we denote the degree of a vertex u of D, - x by d’(u), we have 
d’(u) = d(u) - 1 for u E N(x), and d’(u) = d(u) for u 4 N(x). Then g(D,) can be written 
as follows: 
0,) = g(D, - x) + R 7 
where 
(3.7) 
R< 1 3(d’(u))2 + 4d’(u) + 1 2 
ueN(x) 4 
+ f y. [I (3.8) 
Since D, is triangle-free and is not a bipartite tournament, and since y is the minimum 
degree in D,, we have d(u) < p - y - 1 for any vertex u in N(x), i.e., d’(u) 6 p - y - 2 
for all u E N(x). Thus, (3.8) becomes 
R < y{;(p - y - 2)2 + (p - y - 2) + ; + ;y’} . 
Noting y < [p/2], from (3.9) we obtain the inequality 
(3.9) 
R< I a3-2a2+ia for p=2a, a3 _ $9 for p = 2a + 1. (3.10) 
We may assume, as our induction hypothesis, that g(D, - x) satisfies inequality 
(3.4) with p replaced by p - 1, since the bound in (3.4) exceeds the bound in (3.5). When 
we apply inequalities (3.4) and (3.10) to g(D, - x) and R in (3.7) we find that inequality 
(3.5) holds, as required. This suffices to complete the proof of the lemma and the proof 
of Theorem 3. 0 
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